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SHADOWING, EXPANSIVENESS AND SPECIFICATION FOR C1-CONSERVATIVE
SYSTEMS
MÁRIO BESSA, MANSEOB LEE, AND XIAO WEN
Abstract. We prove that a C1-generic volume-preserving dynamical system (diffeomorphism or flow)
has the shadowing property or is expansive or has the weak specification property if and only if it is
Anosov. Finally, as in [9, 21], we prove that the C1-robustness, within the volume-preserving context,
of the expansiveness property and the weak specification property, imply that the dynamical system
(diffeomorphism or flow) is Anosov.
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1. Introduction, basic definitions and statement of the results
1.1. Introduction. One of the main goals in dynamics is the understanding of the orbits structure for
most maps and flows. Since it is an unattainable task understand all dynamical systems people often
try to understand large classes of systems. The natural decreasing hierarchy among large subsets of all
systems is:
• The richer : an open and dense subset,
• The in between: a generic (in the sense of second Baire’s category) and
• The poorer : a dense subset.
Fixed a certain topology in the class of a Baire space of dynamical systems it is very important to detect
when a dense property holds generically with respect to that topology. The reason is simple; a residual
subset is not only “thicker” than a dense one, but countable intersections of residual subsets is still residual
and this property is no longer true for dense subsets.
The notion of shadowing in dynamics is intuited by the numerical computational idea of evaluate
discrepancies between exact and approximate solutions along orbits and to perceive the influence of the
errors that we commit and allow on each iterate. In few words the shadowing property aims to obtain
shadowing of approximate trajectories in a given dynamical system by true orbits of the system.
The concept of expansiveness means, in rough terms, that if two points stay near for forward and
backward iterates, then they must be equal. In some sense, expansive systems can be considered chaotic
since they exhibit sensitivity to the initial conditions.
Informal speaking the notion of specification of a dynamical system means that it is possible to shadow
two distinct “pieces of orbits”, which are sufficiently apart in time, by a single orbit.
All previous notions are central in hyperbolic dynamics and reveal to be very useful in the confluence
of dynamics and differentiable ergodic theory (see [16, 18]).
It is well known that the Anosov diffeomorphisms satisfy the three aforementioned properties. With
respect to stability we recall, for instance, that in [34] Robinson showed that a structurally stable dif-
feomorphism has the shadowing property, and in [35] Sakai proved that the C1-interior of the set of
diffeomorphisms with the shadowing property coincides with the set of structurally stable diffeomor-
phisms. We refer also recent results by one of the authors ([40]) and also [30, 22] for flows. Inward the
dissipative setting it was proved that C1-stability of shadowing and also of expansiveness guarantee that
the systems is hyperbolic ([25, 36, 27, 39]).
In the present paper we intend to study the class of volume-preserving (or conservative) diffeomor-
phisms and flows endowed with the C1-Whitney topology. Namely, we consider that the manifold has
dimension greater or equal than three for the discrete case, and we consider that the manifold has di-
mension greater or equal than four for the flow case. It is already known that, if a volume-preserving
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diffeomorphism f has the shadowing property and, moreover, any volume-preserving diffeomorphism
arbitrarily C1-close to f displays also the shadowing property (see [9]), then f must be Anosov (see
also [21] for a flow version). An analog statement is true is we switch shadowing by expansive (see §5 for
discrete case and [21] for flows) or by weak specification (see again §5). Therefore, any volume-preserving
diffeomorphism in the C1-interior of the C1-complementary of the volume-preserving Anosov maps must
be C1-accumulated by some volume-preserving diffeomorphisms which cannot exhibit the shadowing
property, by some volume-preserving non expansive diffeomorphism and also by one without the weak
specification property. In other words, C1-far from the volume-preserving Anosov maps we have that
systems with the absent of the shadowing property are dense and the same holds for non expansive or
conservative maps without weak specification. Nevertheless, it was still unknown the “quantity” of non
shadowable or non expansive maps or non weakly specification maps in the complementary of the Anosov
ones and, furthermore, the non coexistence of all properties. Our main contribution (cf. Theorems 1, 2
and 3) is to answer this question by proving that non shadowable, non expansive, and non weak speci-
fication conservative maps are, indeed, a Baire second category or non-meagre subset when considering
the C1-complementary of Anosov conservative maps. We also prove, in Theorem 4, Theorem 5 and
Theorem 6, the corresponding version for flows which are volume-preserving. In conclusion we give a
contribution in favor of [1, Conjecture 1].
We point out that a manifestation of the phenomenon of genericity of non shadowing away from
hyperbolicity was considered in [1, 2, 23] for dissipative systems. With respect to the analog results for
non expansive ones we refer the results [3, 38]. For specification see [37, 6].
We observe that some care is needed to treat the low dimensional case both for flows and maps. That
is the content of section §3 and somehow related with Smale conjecture on the C1-density of hyperbolicity
on surfaces.
Finally, in §5, we also prove that the C1-robusteness of the aforesaid properties guarantee that the
system is Anosov.
1.2. Basic definitions for volume-preserving diffeomorphisms. Let M = Md be a d-dimensional
(d ≥ 2) Riemannian closed and connected manifold and let d(·, ·) denotes the distance on M inherited
by the Riemannian structure. We endow M with a volume-form (cf. [28]) and let µ denote the Lebesgue
measure related to it. LetDiff1µ(M) denote the set of volume-preserving (or conservative) diffeomorphisms
defined on M , i.e. those diffeomorphisms f such that µ(B) = µ(f(B)) for any µ-measurable subset B.
Consider this space endowed with the C1 Whitney topology. The Riemannian inner-product induces a
norm ‖ · ‖ on the tangent bundle TxM . We will use the usual uniform norm of a bounded linear map A
given by ‖A‖ = sup‖v‖=1 ‖A · v‖.
Let f ∈ Diff1µ(M). Given δ > 0, we say that a sequence of points {xi}i∈Z ⊂ M is a δ-pseudo-orbit
of f if d(f(xi), xi+1) < δ for all i ∈ Z. Let Λ ⊆ M be a closed f -invariant set. We say that f has the
shadowing property on Λ if for every ǫ > 0 there is δ > 0 such that for any δ-pseudo orbit {xi}bi=a ⊂ Λ
of f (where −∞ ≤ a < b ≤ ∞), there is a point y ∈ M such that d(f i(y), xi) < ǫ for all a ≤ i ≤ b − 1.
The diffeomorphism f has the shadowing property if Λ = M in the above definition. Note that f has the
shadowing property if and only if fn has the shadowing property for all n ∈ Z.
A diffeomorphism f : M → M is said to be expansive (cf. Mañé [25]) if for any x, y ∈ M we have
d(fn(x), fn(y)) < ǫ for all n, then x = y.
The diffeomorphism f : M →M satisfies the specification property (see [18]) if for all ǫ > 0 there exists
N ∈ Z+, such that for any k ≥ 2, x1, ...xk ∈M and a1 ≤ b1 < a2 ≤ b2 < ... < ak ≤ bk, with ai−bi−1 ≥ N
for i ∈ {2, ..., k} and ai, bi ∈ Z, there exists y ∈M such that:
d(f j(y), f j(xi)) ≤ ǫ, for all j ∈ {ai, ..., bi} and i ∈ {1, ..., k}.
If we take k = 2 in the previous definition then we say that the maps satisfies the weak specification
property.
We say that Λ ⊆ M is a transitive set if there is a point x ∈ Λ such that ω(x) = Λ. We say that Λ
is hyperbolic if the tangent bundle TΛM has a Df -invariant splitting E
s ⊕Eu and there exists constants
C > 0 and 0 < λ < 1 such that
‖Dfn(x)|Esx‖ ≤ Cλ
n and ‖Df−n(x)|Eux ‖ ≤ Cλ
n
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for all x ∈ Λ and n ≥ 0. If Λ = M , then f is called Anosov. Let Ph(f) stands for the subset of M defined
by the hyperbolic periodic points of f and P (f) ⊇ Ph(f) the subset of all periodic orbits of f .
We reached a point where it makes sense to present our main results for the discrete-case. In the
following we consider M = Md with d ≥ 3.
Theorem 1. There exists a C1-residual subset R ⊂ Diff1µ(M) such that f ∈ R has the shadowing
property if and only if f is Anosov.
Theorem 2. There exists a C1-residual subset R ⊂ Diff1µ(M) such that f ∈ R is expansive if and only
if f is Anosov.
Theorem 3. There exists a C1-residual subset R ⊂ Diff1µ(M) such that f ∈ R has the weak specification
property if and only if f is Anosov.
As a direct corollary of previous results we have:
Corollary 1.1. There exists a C1-residual subset R ⊂ Diff1µ(M) such that f ∈ R is expansive, has the
shadowing property and has the weak specification property if and only if f is Anosov.
1.3. Basic definitions for divergence-free vector fields. When dealing with flows we let M = Md
be a d-dimensional (d ≥ 3) Riemannian closed and connected manifold. Given a Cr (r ≥ 1) vector field
X : M → TM the solution of the equation x˙ = X(x) gives rise to a Cr flow, Xt; by the other side given a
Cr flow we can define a Cr−1 vector field by considering X(x) = dX
t(x)
dt |t=0. We say that X is divergence-
free if its divergence is equal to zero. Note that, by Liouville formula, a flow Xt is volume-preserving (or
incompressible, or conservative) if and only if the corresponding vector field, X , is divergence-free.
Let Xrµ(M) denote the space of C
r divergence-free vector fields and we consider the usual Cr Whitney
topology on this space.
For δ > 0, we say that
{(xi, ti) : xi ∈M, ti ≥ 1}i∈Z
is a (δ, 1)-pseudo orbit of X if d(Xti(xi), xi+1) < δ for all i ∈ Z. Define Rep as the set of increasing
homeomorphisms h : R→ R such that h(0) = 0. Fix ǫ > 0 and define Rep(ǫ) as follows:
Rep(ǫ) =
{
h ∈ Rep :
∣∣∣h(t)
t
− 1
∣∣∣ < ǫ
}
.
Let Λ ⊆ M be a compact Xt-invariant set. We say that Xt has the shadowing property on Λ if for any
ǫ > 0 there is δ > 0 such that for any (δ, 1)-pseudo orbit {(xi, ti)}i∈Z ⊂ Λ, let Ti = t0 + t1 + · · · + ti
for any 0 ≤ i < b, and Ti = −t−1 − t−2 − · · · − ti for any a < i < 0, there exist a point y ∈ M and an
increasing homeomorphism h : R→ R with h(0) = 0 such that
d(Xh(t)(y), Xt−Ti(xi)) < ǫ,
for any Ti < t < Ti+1. If Λ = M , then X
t has the shadowing property.
A flow Xt is said to be expansive (see [17]) if for any ǫ > 0 there is δ > 0 such that if we have
d(Xt(x), Xα(t)(y)) ≤ δ, for all t ∈ R, for x, y ∈M and a continuous map α : R→ R with α(0) = 0, then
y = Xs(x), where |s| ≤ ǫ.
A specification S = (τ, P ) for a flow Xt consists of a finite collection τ = {I1, · · · , Im} of bounded
intervals Ii = [ai, bi] of the real line and a map P : ∪Ii∈τIi → Λ such that for any t1, t2 ∈ Ii we have
Xt2(P (t1)) = X
t1(P (t2)).
A specification S is said to be K-spaced if ai+1 ≥ bi+K for all i ∈ {1, · · · ,m} and the minimal K is called
the spacing of S. If τ = {I1, I2}, then S is said to be a weak specification. We say that S is ǫ-shadowed
by x ∈ Λ if d(Xt(x), P (t)) < ǫ for all t ∈ ∪Ii∈τIi.
We say that M has the weak specification property if for any ǫ > 0 there exists a K = K(ǫ) ∈ R such
that any K-spaced weak specification S is ǫ-shadowed by a point of M .
Given a vector field X we denote by Sing(X) the set of singularities of X , i.e. those points x ∈M such
that X(x) = ~0. Let M ′ := M \Sing(X) be the set of regular points. Given x ∈M ′ we consider its normal
bundle Nx = X(x)
⊥ ⊂ TxM and define the associated linear Poincaré flow by P tX(x) := ΠXt(x) ◦DX
t(x)
where ΠXt(x) : TXt(x)M → NXt(x) is the projection along the direction of X(X
t(x)). In the same way
as we did in the discrete-time case we can define uniform hyperbolicity, dominated splitting, partial
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hyperbolicity and volume-hyperbolicity for the linear Poincaré flow P tX , in subsets of M
′ and related to
subbundles of the normal bundle N . We also observe that, when Λ ⊆ M is compact, the hyperbolicity
of the tangent map DXt on Λ implies the hyperbolicity for the linear Poincaré flow of X on Λ (see [19,
Proposition 1.1]).
At this moment we present the corresponding versions of Theorems 1, 2 and 3 for flows considering
M = Md with d ≥ 4.
Theorem 4. There exists a C1-residual subset R ⊂ Xrµ(M) such that X ∈ R has the shadowing property
if and only if X is Anosov1.
Theorem 5. There exists a C1-residual subset R ⊂ Xrµ(M) such that X ∈ R has the expansive property
if and only if X is Anosov.
Theorem 6. There exists a C1-residual subset R ⊂ Diff1µ(M) such that f ∈ R has the weak specification
if and only if X is Anosov.
The proof of Theorem 6 has been sketched in [6, Theorem 9.1]. Here we give a slightly different and
more direct proof.
Again, as a trivial conclusion we have:
Corollary 1.2. There exists a C1-residual subset R ⊂ Xrµ(M) such that X ∈ R is expansive has the
shadowing property and has the weak specification property if and only if X is Anosov.
2. Proof of Theorems 1, 2 and 3
2.1. Homoclinic points, index and weak hyperbolicity. The strategy that we are going to use
to obtain our results is a change of index argument on hyperbolic periodic points and its link to non
hyperbolic behavior.
It is well known from invariant manifolds theory that, if p ∈ Ph(f) and has period π, then the sets
W s(p, f) = {x ∈M : fπn(x)→ p as n→∞} and
Wu(p, f) = {x ∈M : f−πn(x)→ p as n→∞}
are C1-injectively immersed submanifolds of M. Let q ∈ Ph(f), we say that p and q are homoclinically
related, and write p ∼ q if
W s(p) ⋔Wu(q) 6= ∅ and Wu(p) ⋔W s(q) 6= ∅,
where ⋔ stands for the transversal intersection. It is clear that if p ∼ q, then index(p) = index(q); i.e.,
dimW s(p) = dimW s(q). When there is no ambiguity we write W σ(p) instead of W σ(p, f) for σ = u, s.
In [13] Bonatti and Crovisier proved the following quite useful and core result on C1-generic conser-
vative dynamics.
Theorem 2.1. ([13, Théorème 1.3]) There is a residual set R1 ⊂ Diff
1
µ(M) such that for any f ∈ R1, f
is transitive.
Note that, in the volume-preserving context, being a map transitive or not, it does not have sinks nor
sources. Moreover, hyperbolic periodic orbits must be of saddle-type.
For a given δ > 0, we say that p ∈ P (f) has a δ-weak eigenvalue if there is an eigenvalue λ of Dfπ(p)(p)
such that (1− δ)π(p) < |λ| < (1 + δ)π(p), where π(p) is the period of p.
2.2. Shadowing. The following result allows us to obtain, in a C1-generic sense, connections between
invariant manifolds from the shadowing property.
Lemma 2.2. Let f ∈ R1, and let p, q ∈ Ph(f). If f has the shadowing property, then W s(p)∩Wu(q) 6= ∅.
Proof. By conservativeness, we have that p, q ∈ Ph(f) are saddles. Since f ∈ R1, f is transitive. Then,
we can find a point x ∈M such that ωf (x) = M. Since p, q are hyperbolic saddles, we take ǫ(p) > 0 and
ǫ(q) > 0 as before with respect to p and q. Fix ǫ = min{ǫ(p), ǫ(q)}. To simplify the notation in the proof,
assume that f(p) = p and f(q) = q. Let 0 < δ < ǫ/2 be the number of the shadowing property of f. For
the chosen δ > 0, we can find ℓ1 > 0, and ℓ2 > 0 such that d(f
ℓ1(x), p) < δ and d(f ℓ2(x), q) < δ. We may
1We would like to thank Raquel Ribeiro for pointing us out that she also proved independently, in [32], this same result.
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assume that ℓ2 > ℓ1. Then, we can define a finite δ-pseudo orbit {p, f ℓ1(x), f ℓ1+1(x), . . . , f ℓ1+ℓ2−1(x), q}.
Let us now extend the finite δ-pseudo orbit as follows: Put xi = f
i(p) for all i ≤ ℓ1, xi = f ℓ1+i(x) for all
0 ≤ i ≤ ℓ2− 1, and xi = f i(q) for all i ≥ ℓ2. Also, we set, via a time translation, the δ-pseudo orbit again
as follows: let ℓ1 = 0 and ℓ2 = ℓ. Then xi = f
i(p) for i ≤ 0, xi = f
i(x) for 0 < i < ℓ− 1 and xℓ+i = f
i(q)
for i ≥ ℓ.
Therefore, the δ-pseudo orbit is
{xi}i∈Z = {. . . , p, f
ℓ1(x), f ℓ1+1(x), . . . , f ℓ1+ℓ2−1(x), q, . . .}
= {. . . , x−1, x0(= p), x1, x2, . . . , xℓ−1, xℓ(= q), xℓ+1, . . .}.
By the shadowing property, there is a point y ∈M such that d(f i(y), xi) < ǫ for all ∈ Z. Then for all
i ≤ 0
d(f i(y), xi) = d(f
i(y), p) < ǫ,
and for all i ≥ ℓ,
d(f i(y), xi) = d(f
i(y), q) < ǫ.
In conclusion, we see that y ∈Wuǫ (p) and f
ℓ(y) ∈W sǫ (q), and so, y ∈ W
u(p) ∩W s(q). The other case
is similar. Thus, we obtain W s(p) ∩Wu(q) 6= ∅ and Wu(p) ∩W s(q) 6= ∅ and the lemma is proved. 
The next result shows that C1-generically shadowable maps are homogeneous, i.e., their periodic orbits
have constant index.
Lemma 2.3. There is a residual set R2 ⊂ Diff
1
µ(M) such that for any f ∈ R2, if f has the shadowing
property, then for any p, q ∈ Ph(f) we have index(p) = index(q).
Proof. The result is meaningless if dimM = 2 (see §3.1). Assume that dimM ≥ 3. Let R2 =
R1 ∩K, where K are the Kupka-Smale volume-preserving diffeomorphisms given by Robinson’s theorem
(see [33]), and let f ∈ R2. Suppose that f has the shadowing property. By the conservative constraint
p, q ∈ Ph(f) are saddles. The proof is by contradiction, so let us assume that index(p) 6= index(q). Then
dimW s(p) + dimWu(q) < dimM or dimWu(p) + dimW s(q) < dimM. Without loss of generality, we may
assume that dimW s(p) + dimWu(q) < dimM . Since f is Kupka-Smale we have W s(p) ∩ Wu(q) = ∅
which, by Lemma 2.2, is a contradiction. 
The following proposition is the discrete and conservative version of [6, Lemma 5.1] and its proof is
completely analog.
Proposition 2.4. There exists a residual subset R3 ⊂ Diff
1
µ(M) such that if f ∈ R3 is C
1-approximated
by {fn}n∈N such that each fn ∈ Diff
1
µ(M) has two distinct points, xn, yn ∈ Ph(fn), with different indices
and with d(xn, yn) < ǫ, then there exist two distinct points, x, y ∈ Ph(f), with different indices and with
d(x, y) < 2ǫ.
The next result shows how to create, via C1-perturbations and within the conservative setting, hyper-
bolic periodic points close to each other and with different indices once we have a non hyperbolic periodic
orbit.
Lemma 2.5. Let f ∈ Diff1µ(M
d) with d ≥ 3. If p ∈ P (f) \ Ph(f) and ǫ > 0, then there is g ∈ Diff
1
µ(M)
arbitrarily C1-close to f such that g has two periodic orbits p1, p2 ∈ Ph(g) with different indices and with
d(p1, p2) < ǫ.
Proof. Let p ∈ P (f) be the non-hyperbolic periodic orbit of period π and ǫ > 0. We use Pugh-Robinson’s
closing lemma for volume-preserving diffeomorphisms ([31, §8 (b)]) to obtain f1 ∈ Diff
1
µ(M), such that f1
is arbitrarily C1-close to f , with p2 ∈ P (f1) and ǫ-close to p by closing some recurrent orbit
2. Moreover,
since hyperbolicity holds open and densely even in the volume-preserving setting (recall that d ≥ 3), p2
can be chosen hyperbolic. Denote index(p2) = i. After this perturbation we get f1 ∈ Diff
1
µ(M) such that
f1 has a periodic orbit p1, say
ǫ
10 -close to p, with period π. We observe that p1 may not be the analytic
continuation of p and this is precisely the case when 1 is an eigenvalue of the tangent map Dfπ(p). If p1
is not hyperbolic take f2 = f1. If p1 is hyperbolic for Df
π
1 (p1), then, since f1 is arbitrarily C
1-close to
2By Poincaré recurrence almost every point is recurrent.
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f , the distance between the spectrum of Dfπ1 (p1) and the unitary circle can be taken arbitrarily close to
zero. This means that we are in the presence of a very weak hyperbolicity, i.e., of a δ-weak eigenvalue
(for some small δ > 0), thus in a position to apply [15, Proposition 7.4] to obtain f2 ∈ Diff
1
µ(M), such
that p1 is a non-hyperbolic periodic orbit. Moreover, this local perturbation can be done far from the
hyperbolic periodic point p2. Once again we use [15, Proposition 7.4] in order to obtain g ∈ Diff
1
µ(M)
such that p1 ∈ P (g), is hyperbolic and index(p1) 6= i and still d(p1, p2) < ǫ. 
Lemma 2.6. There is a residual set R4 ⊂ Diff
1
µ(M) such that for any f ∈ R4, if f has the shadowing
property then there is δ > 0 such that for any p ∈ P (f), p does not have a δ-weak eigenvalue.
Proof. Let R4 = R2 ∩R3, and let assume that f ∈ R4 satisfies the shadowing property. The proof is by
contradiction. Suppose that there is p ∈ P (f) such that for any δ > 0, p has a δ-weak eigenvalue. Thus,
by Lemma 2.5, we can find g ∈ Diff1µ(M), C
1-close to f , such that g has two hyperbolic periodic orbits
p1, p2 ∈ P (g) with index(p1) 6= index(p2). But f ∈ R2 and this contradicts Lemma 2.3.
Remark 2.7. Previous result also holds if we replace shadowing property by the expansive property.
Actually, the proof in [3, Lemma 5.3] can be followed step by step and we just have to use Franks’ lemma
for conservative maps proved in [15, Proposition 7.4].
With respect to δ-weak eigenvalues, we have the following lemma which was proved by Arbieto and
works equally within conservative constraints.
Lemma 2.8. [3, Lemma 5.1 (2)] There is a residual set R5 ⊂ Diff
1
µ(M) such that for any f ∈ R5 the
following holds: fixing δ > 0, if for any C1-neighborhood U(f), there is g ∈ U(f) and pg ∈ Ph(g), such
that pg has a δ-weak eigenvalue, then there exists p ∈ Ph(f) with a 2δ-weak eigenvalue.
Proof of Theorem 1.
We define the set F⋆µ(M) as the set of star volume-preserving diffeomorphisms, i.e., those diffeomor-
phisms f ∈ Diff1µ(M) which have a C
1-neighborhood U(f) ⊂ Diff1µ(M) such that for any g ∈ U(f), every
periodic point of g is hyperbolic.
We begin to prove that there is a residual set R′ ⊂ Diff1µ(M) such that for any f ∈ R
′, if f has the
shadowing property, then f ∈ F⋆µ(M), and so f is Anosov (Theorem 3.3).
Let R′ = R4 ∩ R5, and let f ∈ R′ satisfying the shadowing property. To derive a contradiction, we
may assume that f 6∈ F⋆µ(M). Then, for any arbitrarily small C
1-neighborhood U(f) ⊂ Diff1µ(M) there
exists g ∈ U(f), with a non-hyperbolic periodic orbit. Hence, there is a periodic point pg ∈ P (g) such
that pg has a δ/2-weak eigenvalue. By Lemma 2.8, there exists p ∈ P (f) with a δ-weak eigenvalue. But
by Lemma 2.6 we reach a contradiction. Thus we must have f in F⋆µ(M) and Lemma 3.3 concludes the
proof. 
2.3. Expansiveness. In this section we present the proof of Theorem 2 taking into account several
results previously obtained.
Proof of Theorem 2. We define the residual subset of the theorem by the intersection of R5 with
the residual given by Remark 2.7. The proof is obtained by reductio ad absurdum. Let f be expansive
and in the previous defined residual. To derive a contradiction, we again assume that f 6∈ F⋆µ(M) and
proceed as in the proof of Theorem 1. We leave the details to the reader. 
2.4. Weak specification. The proof of the following result is the same as the one in [37, Lemma 2.1]
since this lemma is abstract and holds also in the volume-preserving case.
Lemma 2.9. Let f ∈ Diff 1µ (M). If q1, q2 ∈ Ph(f) and f has the weak specification property, then
Wu(q1, f) ∩W s(q2, f) 6= ∅.
The following result will be the essential key to obtain the proof of Theorem 3.
Lemma 2.10. There is a residual set R6 ⊂ Diff
1
µ(M) such that, for any f ∈ R6, if f has the weak
shadowing property, then there is δ > 0 such that for any p ∈ P (f), p does not have a δ-weak eigenvalue.
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Proof. We define R6 = K ∩ R3, where R3 is the C1-residual given in Proposition 2.4 and K is the
residual given by Robinson’s Kupka-Smale theorem [33]. Assume, by contradiction, that there exists
pn ∈ P (f), such that pn has a
1
n -weak eigenvalue. Then, there exists fn ∈ Diff
1
µ(M) such that fn → f ,
in the C1-sense, displaying qn1 , q
n
2 ∈ P (fn) with different indices and such that d(q
n
1 , q
n
2 ) < ǫ. Then,
using Proposition 2.4, there exist two distinct hyperbolic periodic points, q1, q2 ∈ Ph(f), with different
indices and with d(x, y) < 2ǫ. By Lemma 2.9 Wu(q1, f) ∩W s(q2, f) 6= ∅ and this intersection cannot be
transversal which contradicts the fact that f ∈ K. 
Proof of Theorem 3. We define the residual subset of the theorem by the intersection of R5 with the
residual given by Lemma 2.10. Once again the proof is obtained by reductio ad absurdum. Let f be a
map with the weak specification property and in the previous defined residual. To derive a contradiction,
we may assume that f 6∈ F⋆µ(M). Then there is a periodic point p such that p has a δ/2-weak eigenvalue.
By Lemma 2.8, p has a δ-weak eigenvalue which contradicts Lemma 2.10 and Theorem 3 is proved. 
3. The low dimensional case
3.1. Shadowing and weak specification. With respect to the shadowing and weak specification prop-
erties we were not able to obtain the corresponding version of our main theorems. Next, we discuss shortly
the main difficulties in order to reach the same conclusions as in the higher dimensional case.
We observe that the change of index argument makes no sense within the area-preserving case; the
index cannot be two, by conservative reasoning, hence it is always equal to one. Furthermore, the
correspondent to the non hyperbolic phenomena related to the change of index in lower dimension is the
mechanism of homoclinic tangencies.
The natural approach now is to obtain an adapted version of Proposition 2.4, namely, prove that there
exists a residual subset R ⊂ Diff1µ(M
d) (d = 2) such that if f ∈ R is C1-approximated by {fn}n∈N such
that each fn ∈ Diff
1
µ(M) has xn ∈ Ph(fn), with a homoclinic tangency τn and with d(xn, τn) < ǫ, then
there exists x ∈ Ph(f), with a homoclinic tangency τ and with d(x, τ) < 2ǫ. However, in order to go on
with the generic argument we strongly need the C1-robusteness of homoclinic tangencies which is still
unknown and directly related to Smale conjecture on the C1-density of hyperbolicity on surfaces (see the
discussion on [14, §1.3]). Finally, taking into account recent results in [26], we conjecture that:
Conjecture 3.1. For non Anosov area-preserving maps the non-shadowable (or non weak specification)
ones are meagre in the C1-sense.
We believe that the same result holds for incompressible flows on three-manifolds.
3.2. Expansiveness. Fortunately, when dealing with the expansiveness property we were able to obtain
a proof. We begin by presenting some useful definitions. We recall that a periodic point is called
elementary if, for the eigenvalues σi (on the period), the following holds; if
∏
pi∈Z
σpii = 1, then pi = 0
for all i. That is, its eigenvalues are multiplicatively independent over Z. Elementary points have simple
spectrum and none of its eigenvalues is a root of unity or equals to 1. In our conservative maps case, if
dimM = 2, then we have three possibilities: a hyperbolic saddle (real eigenvalues σ2 = σ
−1
1 ), an elliptic
point (non real eigenvalues, conjugated and of norm one) and a parabolic point (with eigenvalues equal to
1 or −1). Observe that the first two cases are robust under small perturbations. Moreover, elementary
elliptic points are associated to an irrational rotation number. By [33, Theorem 1 B. i)], if dimM = 2,
there exists a residual subset in Diff1µ(M) such that any element in this residual displays all its elliptic
points of elementary type.
In order to obtain the proof of Theorem 2 on surfaces we begin by proving the following preliminary
result.
Lemma 3.2. If f ∈ Diff1µ(M) has a non-hyperbolic point p, dimM = 2 and ǫ, ν > 0, then there exists
g ∈ Diff1µ(M), such that:
(1) g is ǫ-C1-close to f ;
(2) g has two hyperbolic periodic points q1 and q2 with the same period and
(3) sup
i∈Z
d(gi(q1), g
i(q2)) < ν.
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Proof. Let p be a non-hyperbolic period orbit for f with period π. Non-hyperbolic points are elliptic or
parabolic. Since ellipticity is stable and any parabolic point can be made elliptic by a small perturbation
we choose g1 ∈ Diff
∞
µ (M) ǫ/4-C
1-close to f given by Zehnder’s smoothing theorem (see [41]) such that
p is elliptic w.r.t. g1. Now, using Franks’ lemma ([15, Proposition 7.4]) we consider g2 ∈ Diff
∞
µ (M)
ǫ/4-C1-close to g1 such that, Dg
π
2 (p) is a rational rotation. Then, there exists a positive integer n such
that Dgnπ2 (p) = id. Now applying the Pasting Lemma ([4]) along the orbit of p, we can get an ǫ/4-
C1-perturbation g3 ∈ Diff
∞
µ (M) of g2 such that there is a small ball B(p, ν/4) satisfying the equality
gnπ3 |B(p,ν/4) = id. Hence, we get two periodic point q1 and q2 in B(p, ν/4) with the same period such that
supi∈Z d(g
i(q1), g
i(q2)) < ν/2. By making an ǫ/4-C
1-perturbation g ∈ Diff∞µ (M) we can turn q1 and q2
hyperbolic and such that supi∈Z d(g
i(q1), g
i(q2)) < ν. This ends the proof of the lemma. 
Note that by a result by Newhouse ([29]), if f ∈ F⋆µ(M) and dimM = 2, then f is Anosov. Recently,
Arbieto and Catalan [5] proved that, in any dimension, f ∈ F⋆µ(M) is Anosov (Theorem 3.3). To
prove this, they used the Mañé’s results in [24, Proposition II.1] and showed that P (f) is hyperbolic if
f ∈ F⋆µ(M).
Theorem 3.3. [5, Theorem 1.1] Every diffeomorphism in F⋆µ(M) is Anosov.
Since we are in the setting of surfaces the next useful result only needs Newhouse’s two-dimensional
version of previous result ([29]).
Lemma 3.4. There is a residual set R ⊂ Diff1µ(M), where dimM = 2, such that for any f ∈ R outside
F⋆µ(M), f has two sequences of periodic points {pn}n and {qn}n displaying the same period for each n
and
lim
n→+∞
sup
i∈Z
d(f i(pn), f
i(qn)) = 0.
Proof. For each positive integer n, we denote by Nn the subset of Diff
1
µ(M) such that any f ∈ Nn
has a C1-neighborhood U in Diff1µ(M) with the following C
1-open property: for every g ∈ U , there are
hyperbolic periodic points p, q of g with the same period such that
sup
i∈Z
d(gi(p), gi(q)) <
1
n
.
Let Hn be the C1-complementary of the C1-closure of Nn. Clearly, Nn ∪ Hn is C1-open and C1-dense
in Diff1µ(M). We define the C
1-residual subset of the lemma by
R =
⋂
n∈N
(Hn ∪ Nn).
Let f ∈ R. If f /∈ F⋆µ(M) then there is a sequence of diffeomorphisms fk converging to f and a sequence
of non-hyperbolic periodic orbits p˜k of fk. Then, for any positive integer n, by the Lemma 3.2, we have
f /∈ Hn, and so f ∈ Nn. , for each n, f has a C1-neighborhood U in Diff
1
µ(M) with the following property:
for all g ∈ U (in particular for f), there are hyperbolic periodic points pn, qn for g such that
sup
i∈Z
d(gi(pn), g
i(qn)) <
1
n
.
In conclusion, we can define two sequences of periodic orbits for f , {pn}n and {qn} such that
sup
i∈Z
d(f i(pn), f
i(qn)) <
1
n
,
and so
lim
n→+∞
sup
i∈Z
d(f i(pn), f
i(qn)) = 0.
And the proof of the lemma is complete. 
From the lemma above, we know that if f ∈ R and f has the expansive property, f must be in F⋆µ(M).
From Theorem 3.3, we know that f is Anosov. This ends the proof of Theorem 2 when dimM = 2.
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Analogously, we can also obtain the proof of Theorem 5 for three-dimensional incompressible flows.
The main difference, which is not substantially difficult, is that we have to consider also singularities
on the adaptation of Lemma 3.2. Moreover, we are able to use the available versions of the Zehnder’s
smoothing result (see [4, Theorem 2.2]), the C1+-pasting lemma for vector fields [4, Theorem 3.1] and
also the Franks lemma ( [11, Lemma 3.2]). Finally, in order to obtain a version of Lemma 3.4 we make
use of the result in [12].
4. Proofs of Theorems 4, 5 and 6
4.1. The case when d ≥ 4. The following result was proved by the first author in [8].
Theorem 4.1. There is a residual set R1 ⊂ X1µ(M) such that if X ∈ R1, then X is a topologically
mixing vector field.
Next, we obtain the continuous-time version of Lemma 2.2.
Lemma 4.2. Let X ∈ R1, and let γ, η ∈ Ph(X) be hyperbolic periodic orbits. If X has the shadowing
property, then W s(γ) ∩Wu(η) 6= ∅.
Proof. Let X ∈ R1, and let γ ∈ Ph(X) and η ∈ Ph(X). Since X is topologically mixing it is transitive
and so there exists a point x ∈ M such that ωX(x) = M. Since γ, η are hyperbolic saddles, we can take
ǫ(γ) > 0 and ǫ(η) > 0 such that W σǫ(γ)(γ), W
σ
ǫ(η)(η) are as before with respect to γ and η, where σ = s, u.
Take ǫ = min{ǫ(γ), ǫ(η)}. Let 0 < δ = δ(ǫ) < ǫ be the number of the shadowing property of X. Since X
is transitive, there are k > 0 and l > 0 such that d(Xtk(x), γ) < δ and d(Xtl(x), η) < δ. Then we can
find p ∈ γ and q ∈ η such that d(Xtk(x), p) < δ and d(Xtl(x), q) < δ. We may assume that l > k. Then
we can construct a finite (δ, 1)-pseudo orbit {(xi, ti)}li=0 as follows:
(1) p = x0,
(2) xi = X
tk+i(x) for ti ≥ 1, and 0 < i < l − 1, and
(3) xl = q.
Then {(xi, ti)}li=0 = {p(= x0), x1, x2, . . . , xl−1, xl(= q)}. Now, we extend the finite (δ, 1)-pseudo orbit as
follows:
(1) X i(p) = xi for ti = 1, and i ≤ 0,
(2) xi = X
tk+i(x) for ti ≥ 1, and 0 < i < l − 1, and
(3) X i(q) = xl+i for ti = 1 and i ≥ 0.
Therefore, we have the (δ, 1)-pseudo orbit
{(xi, ti)}i∈Z = {. . . , x−1, x0(= p), x1, . . . , xl−1, xl(= q), xl+1, . . .}.
By the shadowing property, there exist a point y ∈ M and an increasing homeomorphism h : R → R
with h(0) = 0 such that d(Xh(t)(y), Xt−Ti(xi)) < ǫ for all i ∈ Z, and Ti < t < Ti+1. Then for i ≤ 0,
X i(y) ∈ Wuǫ (γ) and for t > Tl, X
tl(y) ∈ W sǫ (η). Thus, we know that y ∈ W
u(γ) ∩ W s(η), and so
Wu(γ) ∩W s(η) 6= ∅. 
A vector field X ∈ X1µ(M) is said to be Kupka-Smale if any element of Crit(X) is hyperbolic and
its invariant manifolds intersect transversely. In [33], Robinson proved that the set of Kupka-Smale
divergence-vector fields is a C1-residual subset of X1µ(M). We denote K by the Kupka-Smale C
1-residual
set in X1µ(M).
The following result establishes the flows version of Lemma 2.3.
Lemma 4.3. There is a residual set R2 ⊂ X1µ(M) such that for any X ∈ R2, if X has the shadowing
property, then all its hyperbolic periodic orbits have the same index.
Proof. Let X ∈ R2 = R1 ∩ K and let X satisfies the shadowing property. The proof is by contra-
diction. Let us assume that for some γ, η ∈ Ph(X) we have index(γ) 6= index(η). Therefore, we know
that dimW s(γ) + dimWu(η) ≤ dimM or dimWu(γ) + dimW s(η) ≤ dimM. Assume that dimW s(γ) +
dimWu(η) ≤ dimM. Then we have two cases, (i) dimW s(γ) + dimWu(η) < dimM or (ii) dimW s(γ) +
dimWu(η) = dimM.
In case (i) and since X ∈ R2, we have that W s(γ) ∩ Wu(η) = ∅. But this is a contradiction with
Lemma 4.2.
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Finally, in case (ii), we will show that W s(γ) and Wu(η) do not intersect in a transversal way. Let
x ∈W s(γ) ∩Wu(η). We know that
TxW
s(γ) = 〈X(x)〉 ⊕ E1x, and TxW
u(η) = 〈X(x)〉 ⊕ E2x.
Hence, dim(TxW
s(γ)+TxW
u(η)) < dimW s(γ)+dimWu(η) = dimM. This means thatW s(γ) andWu(η)
do not intersect transversally. Since X ∈ K we have W s(γ) ∩Wu(η) = ∅. This is again a contradiction
with Lemma 4.2. 
The following lemma is proved in [6, Lemma 5.1].
Lemma 4.4. There is a residual set R3 ⊂ X1µ(M) (where dimM ≥ 4) such that if X ∈ R3, for any
C1-neighborhood U(X) of X there are Y ∈ U(X) and two periodic orbits γY , ηY ∈ Ph(Y ) such that
index(γY ) 6= index(ηY ), then X has two periodic orbits γ, η ∈ Ph(X) with index(γ) 6= index(η).
Note that if p ∈ γ ∈ P (X), then P
π(p)
X (p) has 1 as eigenvalue with eigenvector X(p), and all the other
eigenvalues are called the characteristic multipliers of p.
For any δ > 0, we say that a point p ∈ γ ∈ Ph(X) has a δ-weak eigenvalue if there is a characteristic
multiplier λ of the orbit of p associated to P tX(p) such that (1 − δ) < |λ| < (1 + δ).
Lemma 4.5. Given X ∈ X1µ(M), if γ ∈ P (X) is not hyperbolic, then there is Y ∈ X
1
µ(M), C
1-close to
X, such that Y has orbits γ1, γ2 ∈ Ph(Y ) with index(γ1) 6= index(γ2).
Proof. The proof is analog to the one in Lemma 2.5 we just have to use Franks’s lemma for conservative
flows ([11, Lemma 3.2]). We leave the details for the reader. 
Lemma 4.6. There is a residual set R4 ⊂ X1µ(M) such that for any X ∈ R4, if X has the shadowing
property, then there is δ > 0 such that every p ∈ γ ∈ Ph(X) does not have a δ-weak eigenvalue.
Proof. Let R4 = R2 ∩ R3, and let X ∈ R4 satisfies the shadowing property. Suppose that there is
p ∈ γ ∈ P (X) such that for any δ > 0, p has a δ-weak eigenvalue. By Lemma 4.5, we can find Y C1-close
to X such that Y has two hyperbolic periodic orbits γ1, γ2 ∈ P (Y ) with index(γ1) 6= index(γ2). But
X ∈ R2 and by Lemma 4.3 this is a contradiction. 
Remark 4.7. Previous result also holds if we replace shadowing property by expansive property. Actu-
ally the proof in [38, Lemma 2.6] can be followed step by step and we just have to use the Franks’ lemma
for conservative flows proved in [11, Lemma 3.2].
A vector field X ∈ X1µ(M) is a divergence-free star vector field if there exist a C
1-neighborhood U(X)
of X such that for any Y ∈ U(X), any element of the set Crit(X), i.e., singularity or closed orbit, is of
hyperbolic type. The set of star divergence-vector fields is denoted by G⋆µ(M).
The following result proved by Ferreira, is the multidimensional version of [12], and will be crucial in
order to prove Theorem 4.
Lemma 4.8. [20, Theorem 1] If X ∈ G⋆µ(M), then Sing(X) = ∅ and X is Anosov.
Now, we obtain the flow version of Lemma 2.8 whose proof follows the same steps of the discrete one
and we leave it to the reader (see also [6, Lemma 5.3] and [3, Lemma 5.1]).
Lemma 4.9. There is a residual set R5 ⊂ X1µ(M) such that for any X ∈ R5, if for any C
1-neighborhood
U(X) of X, there exist Y ∈ U(X) and pY ∈ γY ∈ Ph(Y ) such that pY has a δ-weak eigenvalue, then
p ∈ γ ∈ Ph(X) has a 2δ-weak eigenvalue.
Proof of Theorem 4. The proof is by contradiction. Let R6 = R4∩R5, and let X ∈ R6 and displaying
also the shadowing property. Suppose that X 6∈ G⋆µ(M). Then there is a periodic point p ∈ γ ∈ P (X)
such that p is has a δ/2-weak eigenvalue. Since X ∈ R6, p has a δ-weak eigenvalue. This contradicts
Lemma 4.6. 
Proof of Theorem 5. Once again the proof is by contradiction. The residual subset stated in the the-
orem is defined by the intersection of R5 with the residual given by Remark 4.7. We let X be expansive
SHADOWING, EXPANSIVENESS AND SPECIFICATION FOR C1-CONSERVATIVE SYSTEMS 11
and in this residual. If X 6∈ G⋆µ(M), then there is a periodic point p ∈ γ ∈ P (X) such that p is has a
δ/2-weak eigenvalue, but this contradicts Remark 4.7. 
Now we consider the flow version of Lemma 2.9 (see also [37, Lemma 2.1] and [6, Theorem 3.3]).
Lemma 4.10. Let X ∈ X1µ(M). If γ1, γ2 ∈ Ph(X) and X has the weak specification property, then
Wu(γ1, X) ∩W s(γ2, X) 6= ∅.
In an analogous way we obtain:
Lemma 4.11. There is a residual subset of X1µ(M) such that, if X is in this residual and has the weak
shadowing property, then there is δ > 0 such that for any p ∈ P (X), p does not have a δ-weak eigenvalue.
Proof of Theorem 6. We define the residual subset of the theorem by the intersection of R5 with the
residual given by Lemma 4.11. Let X be a vector field with the weak specification property and in the
previous defined residual. To derive a contradiction, we may assume that X 6∈ G⋆µ(M). Then there is a
periodic point p such that p has a δ/2-weak eigenvalue. By Lemma 4.9, p has a δ-weak eigenvalue which
contradicts Lemma 4.11 and Theorem 6 is proved. 
5. C1-stably expansiveness and C1-stably weak specification
Some C1-stability properties for volume-preserving maps were treated briefly as a remark in [39, §3].
Here we developed the full detailed proofs for the expansiveness and the weak specification properties.
5.1. C1-stably expansiveness. We say that f ∈ Diff 1µ (M) is C
1-stably expansive if any g ∈ Diff 1µ (M)
in a small C1-neighborhood of f is expansive. We begin by proving the following result:
Theorem 7. If f ∈ Diff 1µ (M), then f is a volume-preserving Anosov map if and only if f is C
1-stable
expansive.
Proof. The “only if" part follows directly from stable manifold theory. Let us prove the “if" statement;
given f in the C1-interior subset of expansive diffeomorphisms in Diff 1µ (M) which we denote by E
1
µ(M),
we prove that it is Anosov. By Theorem 3.3 it is sufficient to show that if f ∈ E1µ(M), then f ∈ F
⋆
µ(M).
So let us prove next that all the periodic orbits of f are hyperbolic. By contradiction, let us assume
that there exists f ∈ E1µ(M) having a non-hyperbolic orbit p ∈ P (f) of period π, i.e., Df
π(p) has an
eigenvalue σ such that |σ| = 1.
First of all we need to C1-approximate the volume-preserving diffeomorphism f by a new one, f1, which,
in the local coordinates given by Moser’s theorem ([28]), is linear in a neighborhood of the periodic orbit
p. To perform this task, in the volume-preserving setting, and taking into account [4, Theorem 3.6.], it
is required higher differentiability.
Thus, if f is of class C∞, take g = f , otherwise we use [7] in order to obtain a C∞ h ∈ E1µ(M),
arbitrarily C1-close to f , and such that h has a periodic orbit q, close to p, with period π. We observe
that q may not be the analytic continuation of p and this is precisely the case when 1 is an eigenvalue of
the tangent map Dfπ(p).
If q is not hyperbolic take g = h. If q is hyperbolic for Dhπ(q), then, since h is C1-arbitrarily close to
f , some eigenvalue of Dhπ(q) has norm arbitrarily close to one. Thus we apply the Franks’ lemma for
volume-preserving diffeomorphisms ([15, Proposition 7.4]) to obtain a g ∈ E1µ(M) of class C
∞, C1-close
to h and such that q is a non-hyperbolic periodic orbit.
Now, we use the weak pasting lemma ([4, Theorem 3.6]) in order to obtain f1 ∈ E1µ(M) such that,
in local canonical coordinates, f1 is linear and equal to Dg in a neighborhood of the periodic non-
hyperbolic orbit, q. Moreover, the existence of an eigenvalue, σ, with modulus equal to one is associated
to an invariant subspace contained in the subspace Ecq ⊆ TqM associated to norm-one eigenvalues.
Furthermore, up to a perturbation using again [15, Proposition 7.4], σ can be taken rational. This fact
assures the existence of periodic orbits arbitrarily close to the f1-orbit of q. Thus, there exists m ∈ N
such that fmπ1 (q)|Ecq = (Dg
mπ)q|Ecq = id holds, say in a ξ-neighborhood of q.
Finally, we just have to pick two points x, y ∈ Ecq sufficiently close in order to obtain d(g
n(x), gn(y)) < ǫ
for all n ∈ Z. It is clear that g cannot be expansive which is a contradiction and Theorem 7 is proved. 
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Theorem 8. If X ∈ X1µ(M), then X is a divergence-free Anosov vector field if and only if X is C
1-stable
expansive.
Proof. The proof is quite similar to the previous one. We just have to switch to the perturbation
framework developed in [4] and [11]. Namelly, the smoothness result [4, Theorem 2.2], the C1+-pasting
lemma for vector fields [4, Theorem 3.1] and the Franks’ lemma for divergence-free vector fields proved
in [11, Lemma 3.2]. We leave to the reader the filling up all the details. 
5.2. C1-stably weak specification. We say that f ∈ Diff 1µ (M) has the C
1-stable weak specification
property if there exists a neighborhood U(f) of f in Diff 1µ (M) such that any g ∈ U(f) satisfy the weak
specification property3.
Theorem 9. If f ∈ Diff 1µ (M), then f is a volume-preserving Anosov diffeomorphism if and only if f
has the C1-stable weak specification property.
5.2.1. Surface case. We begin by proving previous result for surfaces by using a symplectic reasoning. We
prove that, if f is an area-preserving map exhibiting the C1-stable weak specification property, then f is
Anosov. If f has the C1-stable weak specification property and it is not Anosov, then, by [29], it can be
C1-approximated by an area-preserving map f0 with elliptic orbits. By, [41] we can C
1-approximate f0 by
an area-preserving C∞ map f1 with elliptic orbits and still with C
1-stable weak specification. Then, f1
is C1-approximated by area-preserving maps displaying invariant circles associated to irrational rotations
and cannot by topologically mixing, thus, by [18, Proposition 21.3] cannot have the weak specification
property.
5.2.2. General case. Now, we consider manifolds with dimension d ≥ 3.
In the next lemma we borrow the arguments in [37, Lemma 2.2] and combine it with a quite often result
used along this paper, namely the Robinson’s volume-preserving version of the Kupka-Smale theorem.
Lemma 5.1. If f is a volume-preserving diffeomorphism having the C1-stable weak specification property,
then any two hyperbolic periodic points of g ∈ U(f) have the same index.
Proof. Let f ∈ Diff 1µ (M) having the C
1-stable weak specification property and g ∈ U(f). Take any two
hyperbolic periodic points p and q of g. Consider a C1-neighborhood of g, Ug such that any h ∈ Ug has
a well-defined analytic continuation of p and q, denoted by ph and qh respectively.
Assuming that index(p) < index(q) we will obtain a contradiction. By our assumption we obtain that
dimWu(p, g)+dimW s(q, g) < d where we recall that d = dimM . Since, by Robinson’s volume-preserving
version of the Kupka-Smale theorem the stable/unstable manifolds intersects in a transversal way, any
Robinson’s (Kupka-Smale) volume-preserving diffeomorphism h ∈ Ug must satisfy the condition
(1) Wu(ph, h) ∩W
s(qh, h) = ∅,
otherwise the intersection would not be transversal. But Lemma 2.9 contradicts (1). 
Since the “only if” part of Theorem 9 is immediate, the proof of the “if” part is a direct consequence
of the Theorem 3.3 and the following simple result:
Lemma 5.2. If a volume-preserving diffeomorphism f has the C1-stably weak specification property, then
f ∈ F⋆µ(M).
Proof. The proof is by contradiction; let us assume that there exists a volume-preserving diffeomorphism
f having the C1-stably specification property on a set U(f) and exhibits a non-hyperbolic closed orbit p
of period π.
Using Lemma 2.5 there exists g ∈ U(f) such that g has two hyperbolic periodic orbits with different
indices which contradicts Lemma 5.1. 
3The results presented here can be stated for basic sets as it is done in [37]. The changes do not involve extra difficulties
and are straightforward.
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Theorem 10. ([6, Theorem 9.1]) If X ∈ X1µ(M), then X is a volume-preserving Anosov flow if and only
if X is has the C1-stable weak specification property.
Proof. We know that Xt has the weak specification property, then Xt is topologically mixing. Hence, Xt
has the C1-stable weak specification property, then Xt is C1-robustly topologically mixing. By the result
in [11] M displays a dominated splitting4. Finally, an analogous argument for the absence of different
indices allow us to conclude the global hyperbolicity. 
We observe that the proof of Theorem 10 is different from the one followed in the diffeomorphism case.
However, we could opt to use the same scheme by using the result in [4, Theorem 2.2] and [10].
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